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Abstract
Differentiations of operator algebras over non-archimedean spher-
ically complete fields are investigated. Theorems about a differentia-
tion being internal are demonstrated.1
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1 Introduction.
Differentiations of operator algebras over the complex field were investigated
in [4, 13, 8]. It was shown that derivations of C∗-algebras and von Neumann
algebras are internal. But the case of operator algebras over non-archimedean
fields was not studied yet.
This article continuous previous investigations of operator algebras over
non-archimedean fields (see [1] and references therein), where their spectral
theory was described. The present paper is devoted to investigations of
derivations of operator algebras over infinite spherically complete fields with
non-trivial non-archimedean multiplicative norms having values in Γ ∪ {0},
1 2010 Mathematics subject classification: 47A10, 47A25, 47L10
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where Γ is a discrete multiplicative group, particularly over locally compact
fields. Theorems about a differentiation being internal are demonstrated.
All results of this paper are obtained for the first time.
2 Differentiations of operator algebras
1. Definitions. Suppose that F is an infinite field supplied with a non-
archimedean non-trivial multiplicative norm relative to which it is complete
as a uniform space. Let X be a Banach space over F, denote by L(X) =
L(X,X) a Banach space of all continuous F-linear operators from X into X .
An algebra Ψ contained in L(X) over F such that At ∈ Ψ for each A ∈ Ψ
will be called an algebra with transposition, where a mapping A 7→ At on Ψ
is called a transposition, if it is F-linear and (At)t = A and (AB)t = BtAt
for each A,B ∈ Ψ.
A Banach algebra with transposition is called a T -algebra.
A subalgebra of L(X) will be called an operator algebra.
An operator A ∈ Ψ is called symmetric if At = A.
An F-linear continuous mapping D : Ψ → Ψ on an algebra Ψ over F is
called a derivation of Ψ if D(AB) = D(A)B + AD(B) for each A,B ∈ Ψ.
For subalgebras Φ and Ψ of L(X) satisfying the condition if A ∈ Φ ∪ Ψ
then At ∈ L(X) let T{Φ,Ψ} denote the minimal T subalgebra in L(X)
containing Φ and Ψ.
A norm of an operator A ∈ L(X) is defined as
‖A‖ := supx 6=0 ‖Ax‖/‖x‖.
A homomorphism φ : Ψ → L(X) such that it is F-linear, φ(aA + bB) =
aφ(A) + bφ(B), and multiplicative φ(AB) = φ(A)φ(B) and φ(At) = [φ(A)]t
for each A,B ∈ Ψ and a, b ∈ F is called a representation of a T algebra on
X . If additionally φ is bijective, then such representation φ is called faithful.
2. Remark. Henceforth, operator T -algebras are considered. Denote by
c0(α,F) the Banach space of all mappings x : α→ F satisfying the condition
that for each ǫ > 0 the set {j : j ∈ α; |xj| > ǫ} is finite, where c0(α,F) is
supplied with norm ‖x‖ := supj∈α |xj |, xj = x(j), α is a set. That is either
ΓF := {|x| : x ∈ F \ {0}} is discrete or card(α) < ℵ0.
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If X = c0(α,F) and A ∈ L(X), then a transposed operator At can be
defined by the equality Atj,k = Ak,j for each j, k ∈ α, where Aek =
∑
j∈αAk,jej
with Ak,j ∈ F, ej ∈ c0(α,F) denotes the basic vector ej(k) = δk,j for each
k ∈ α, δk,j = 0 for j 6= k, while δj,j = 1. For X = c0(α,F) this operation
A 7→ At will serve as the transposition if A and At are in L(X).
If F is a spherically complete non-archimedean field with discrete multi-
plicative group ΓF or X is finite dimensional over F, then a Banach space X
over F is isomorphic with c0(α,F) for some set α (see Theorems 5.13 and 5.16
[12]). Henceforward, it is supposed that either a spherically complete field F
is locally compact or it contains a family {Gα : α ∈ µ} of locally compact
subfields Gα such that their union is dense in F, that is
⋃
αGα = F, where
A¯ denotes the completion of a subset A relative to the uniformity inherited
from F.
Henceforth, it is supposed that a Banach space X is isomorphic with
c0(α,F).
Let C∞(Λ,F) denote a Banach algebra of all continuous functions f :
Λ → F such that for each ǫ > 0 there exists a compact subset V in Λ for
which |f(x)| ≤ ǫ for every x ∈ Λ \ V , where Λ is a zero-dimensional locally
compact Hausdorff space, while C(Λ,F) denotes the algebra of all continuous
functions f : Λ → F. If a Banach algebra Ψ is isomorphic with C∞(Λ,F),
then it is called a C-algebra.
If F is a field with a multiplicative norm and Λ is a subset in F, a space of
all continuous functions f : Λ→ F so that for each ǫ > 0 a positive number
0 < r <∞ exists for which |f(x)| < ǫ for each x ∈ Λ with |x| > r is denoted
by C∞(Λ,F). That is C∞(Λ,F) is a space of continuous functions tending
to zero at infinity.
Evidently, each C-algebra is a T -algebra.
If a Banach space X is over a spherically complete field F and X∗ is
its topological dual Banach space, i.e. of all continuous F-linear functionals
y∗ : X → F, then each A ∈ L(X, Y ) has an adjoint operator A∗ : Y ∗ → X∗,
where Y is a Banach space over F, A∗ ∈ L(Y ∗, X∗). On the other hand, X∗ is
the Banach space over the spherically complete field F and hence isomorphic
with c0(β,F) for some set β. But each vector x ∈ X = c0(α,F) gives rise to
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a continuous F-linear functional x∗z :=
∑
j∈α xjzj for each z ∈ X . Therefore,
the natural embedding X →֒ X∗ exists, that is α ⊂ β. This implies, that
the operation L(X) ∋ A 7→ A∗ ∈ L(X∗) can be considered as an extension
of A 7→ At from X onto X∗ for each A ∈ L(X,X) = L(X) (see also Chapter
3 in [12]).
For a Banach space X over a spherically complete field F each closed
linear subspace Y is orthocomplemented in accordance with Theorems 5.13
and 5.16 [12]. Therefore, in such case it is written below for short a projection
πY : X → Y instead of an orthoprojection, where πY (X) = Y (see also [1]).
3. Lemma. If Φ is a C-algebra over F and D is its differentiation, then
D = 0 on it.
Proof. In the space C∞(Λ,F) an F-linear subspace of simple functions
f(x) =
n∑
j=1
ajχBj
is dense, where aj ∈ F, Bj is a clopen subset in Λ, χB denotes the char-
acteristic function of a subset B in Λ, that is χB(x) = 1 for each x ∈ B,
while χB(x) = 0 for any x ∈ Λ \ B. Then D(χB) = D(χ2B) = 2D(χB)χB,
consequently, D(χB)(1 − 2χB) = 0 and hence D(χB) = 0. A differentiation
D is F-linear and continuous, consequently, D(f) = 0 for each f ∈ C∞(Λ,F).
4. Lemma. If A ∈ L(X), where X is Banach space over a locally
compact field F, and an operator A is such that F(A) is a least closed C-
subalgebra of L(X) containing A, and a spectrum of F(A) is contained in a
closed ball B(F, 0, ‖A‖) containing 0 in F of radius ‖A‖, D : F(A)→ L(X)
and π
F(A)D : F(A)→ F(A) are differentiations, then πF(A)DB = 0 for each
B ∈ F(A), where πΨ : L(X)→ Ψ denotes an F-linear projection on a closed
subalgebra Ψ in L(X).
Proof. The field F is locally compact, consequently, it is spherically
complete. Therefore, the Banach subspace F(A) in L(X) is orthocomple-
mented in the non-archimedean sense and the continuous F-linear projection
π
F(A) exists (see Chapter 5 [12]). Take a closed ball B(F, 0, ‖A‖) in the
field F, where B(Y, z, r) := {x ∈ Y : ρ(x, z) ≤ r} denotes a closed ball
with center z of radius 0 < r in a metric space Y with a metric ρ. Since
the field F is locally compact, this ball B(F, 0, ‖A‖) is compact. So the C-
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algebra C(B(F, 0, ‖A‖),F) of all continuous functions f : B(F, 0, ‖A‖)→ F
exists. For each polynomial Pn(x) of degree n on B(F, 0, ‖A‖) the corre-
sponding operator Pn(A) is defined, where A
0 = I is the unit operator,
Anx = A(An−1x) for each x ∈ X . The F-linear space of polynomials is
dense in C(B(F, 0, ‖A‖),F) in accordance with Kaplansky’s theorem 43.3
[14]. By the conditions of this lemma a spectrum of a C-algebra F(A)
is contained in a closed ball B(F, 0, ‖A‖). Therefore, f(A) is defined for
each continuous function f : B(F, 0, ‖A‖) → F and F(A) is contained in
C(B(F, 0, ‖A‖),F) as the closed subalgebra. Certainly, π
F(A)DA ∈ F(A)
and π
F(A)D(AB) = πF(A)(DA)B + AπF(A)DB for each A,B ∈ F(A), hence
π
F(A)D is the continuous differentiation on F(A), since the operators πF(A)
and D are continuous. A closed subalgebra of a C-algebra is a C-algebra by
Corollary 6.13 [12]. Therefore, by the preceding lemma the differentiation
π
F(A) on F(A) is degenerate.
5. Definition. Let ρ : Ψ → F be a linear continuous functional on a
T -algebra Ψ over F. If ρ(At) = ρ(A) for each A ∈ Ψ, then ρ will be called
symmetric. If a symmetric continuous functional ρ is such that ρ(I) = 1,
then ρ is called a state of Ψ. A state ρ of a T -algebra Ψ is definite on a
symmetric operator A, when ρ(An) = [ρ(A)]n for every natural number n.
A functional ρ is called multiplicative on a T -algebra Ψ, if ρ(AB) =
ρ(A)ρ(B) for each A,B ∈ Ψ.
6. Lemma. Let A be an operator in a Banach algebra Ψ over a locally
compact field F and let a continuous linear functional ρ : F(A) → F be
multiplicative on An for each n ∈ N. Suppose that ρ has a K-linear extension
on C(B(F, 0, ‖A‖),K), where a field K is an extension of a field F. Then
ρ(f(A)) = f(ρ(A)) for each f ∈ C(B(F, 0, ‖A‖),K).
Proof. From ρ(An) = [ρ(A)]n for every n ∈ N it follows that ρ is mul-
tiplicative on the Banach algebra F(A) generated by A. But F(A) is the
Banach algebra having an isometric embedding into C(B(F, 0, ‖A‖),F). For
each polynomial Pm(x) on B(F, 0, ‖A‖) with values in K due to multiplica-
tivity and F-linearity of ρ one gets ρ(Pm(A)) = Pm(ρ(A)). From Kaplansky’s
theorem and continuity of ρ it follows that ρ(f(A)) = f(ρ(A)) for each con-
tinuous function f : B(F, 0, ‖A‖)→ K.
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7. Lemma. Let A be a symmetric operator in a T -algebra Ψ over a
locally compact field F and let K be its extension so that m
√
x ∈ K for every
x ∈ F and for each natural number m ≥ 2, then for a marked natural number
n ≥ 2 there exists B ∈ ΨK such that Bn = A, where ΨK is an extension of
an algebra Ψ over K.
Proof. Suppose that a set α is infinite. A net of projection operators
πγ on finite dimensional subspaces c0(γ,F) in c0(α,F) exists, where γ are
finite subsets in α and their family Υ is partially ordered by inclusion. Then
B = {β : β = α \ γ; γ ∈ Υ} is a filter base. For each x ∈ X = c0(α,F)
the limit limB πγx = x exists. Therefore, limB πγAπγx = Ax for each x ∈ X .
Each operator πγAπγ is compact from X into X . In view the decomposition
theorem of compact operators (see Lemma 1 and Note 2 of Appendix A in
[9]) it has the decomposition
(1) πγAπγ = C
−1
γ ΛγCγ over K,
where Cγ is an invertible operator on c0(γ,K) and Λγ is a diagonal operator
on c0(α,K) relative to its standard base, moreover, C
t
γ = C
−1
γ for a symmetric
operator πγAπγ. The latter decomposition automatically encompasses the
case of finite α also. Thus Pn(πγAπγ) is correctly defined for each polynomial
Pn on F with values in K and limB Pn(πγAπγ)x = Pn(A)x for every vector
x ∈ X .
From the embedding F(A) →֒ C(B(F, 0, ‖A‖),F) (see §6) and the con-
tinuity of the function F ∋ x 7→ n√x ∈ K it follows that B = n√A ∈ K(A).
The latter algebra is contained in ΨK.
8. Lemma. Let D be a derivation operator on a T -algebra Ψ over a field
F, let also K be an extension of F complete relative to its uniformity. Then
D has a continuous K-linear extension on ΨK as a derivation operator.
Proof. A fieldK contains F as a subfield, a multiplicative non-archimedean
norm on F has a multiplicative non-archimedean extension on K (see [12,
14]). The completion K˜ of K relative to this norm is a field complete relative
to the norm. A Banach space X over a field F has an F-linear continuous
embedding into X
K˜
, where X = c0(α,F) and XK˜ = c0(α, K˜).
Then the closure of the K˜-linear span of Ψ in L(X
K˜
) gives Ψ
K˜
such that
the embedding Ψ →֒ Ψ
K˜
is continuous relative to the operator norm. By
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the condition of this lemma K is complete relative to its uniformity, hence
K˜ = K and ΨK = ΨK˜.
Put DbA = bDA for each b ∈ K˜ and A ∈ Ψ. Therefore, D(bAB) =
bD(AB) = b(DA)B + bADB for any b ∈ K˜ and A,B ∈ Ψ. Moreover,
‖D(bAB)‖ ≤ |b|max(‖(DA)B‖, ‖A(DB)‖) and (DbA+tB) ≤ max(|b|‖DA‖, |t|‖DB‖)
for each b, t ∈ K˜ and A,B ∈ Ψ, consequently, D has a continuous K˜-linear
extension as a derivation operator on the K˜-linear span of Ψ in L(X
K˜
) and
hence on its completion Ψ
K˜
.
9. Lemma. Suppose that D is a derivation of a T -algebra Ψ over a
field F having an extension up to a derivation on ΨK, where a field K is
an extension of F. Let ρ be a definite state on a symmetric operator A and
A = B2 for some symmetric operator B ∈ K(A) and ρ has an extension
as a state on ΨK and either DB ∈ K(A) or ρ(B(DB)) = ρ(B)ρ(DB) and
ρ((DB)B) = ρ(DB)ρ(B). Then ρ(DA) = 0.
Proof. The differentiation operator D is F-linear, hence DA = D(A −
ρ(A)I), since DI = 0. Therefore, without loss of generality it is sufficient to
consider the case ρ(A) = 0, since ρ(A − ρ(A)I) = 0. Consider an operator
B = A1/2, i.e A = B2. A state ρ is multiplicative on the T -algebra F(A)
generated by A, since ρ(An) = [ρ(A)]n for each natural number n. Thus
ρ(B) = 0 and hence ρ(DA) = ρ((DB)B) + ρ(B(DB)) = ρ(B)ρ(DB) +
ρ(DB)ρ(B) = 0, since either DB ∈ K(A) or ρ(B(DB)) = ρ(B)ρ(DB) and
ρ((DB)B) = ρ(DB)ρ(B).
10. Theorem. Suppose that D is a derivation of a T -algebra Ψ over a
locally compact field F such that
√
x ∈ K for each x ∈ F, where a field K is
an extension of F, and that Z is a center of Ψ. Then D annihilates Z.
Proof. Since Ψ is a Banach algebra, its center Z is closed in Ψ. The
field F is spherically complete, consequently, Z is complemented in Ψ. Take
A ∈ Z and consider F(A) which is complemented in Z and hence in Ψ. Any
element A ∈ Ψ can be presented as A = A1−A2, where At1 = A1 is symmetric
and At2 = −A2 is antisymmetric, A1 = A
t+A
2
, A2 =
At−A
2
. If A ∈ Z, then
A1, A2 ∈ Z. Then
√−1 = i ∈ K and (iA2)t = −A2, where i =
(
0 1
−1 0
)
over
the field F, when i /∈ F. On the other hand, if i ∈ F, one can consider
Ψ ⊕ Ψ on X ⊕ X , where
(
0 A2
−A2 0
)
is symmetric, when A2 is antisymmetric.
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Therefore, it is sufficient to consider the case of symmetric A ∈ Z.
Choose any multiplicative F-linear continuous functional ρ on F(A) so
that ρ(I) = 1 and ρ(A) 6= 0. Consider a projection πYDA of DA onto a
Banach subspace Y = Ψ ⊖ F(A), i.e. Ψ = Y ⊕ F(A). Take any continuous
extension of ρ so that ρ(πYDA) 6= 0 and such that ρ is multiplicative on
F(A, πYDA), where F(A1, ..., An) denotes a minimal closed subalgebra of
Ψ containing elements A1, ..., An ∈ Ψ. This is possible, since F(A, πYDA)
is the algebra with two commuting generators [A, πYDA] = 0. Moreover,
the inclusion A ∈ Z implies F(A) ⊂ Z and Ψ/Z = (Ψ/F(A))/(Z/F(A))
and (πYDA) + F(A) = θ(πYDA) = DA + F(A), where θ : Ψ → Ψ/F(A)
denotes the quotient mapping. Then we also get θ(C) = C + F(A) and
D(AB)+F(A) = (DA)B+A(DB)+F(A) = (DA+F(A))(B+F(A))+(A+
F(A))(DB +F(A)) = θ(D(AB)) = θ(DA)θ(B) + θ(A)θ(DB), consequently,
θ ◦D is the differentiation on the quotient algebra Ψ/F(A).
If V ∈ F(πYDA)⊖ F(A) is a non zero element and V n ∈ F(A) for some
natural number n ≥ 2, then take an algebraically closed field K containing
F so that n
√
x ∈ K for each x ∈ F. Therefore, V ∈ K(A) and one can take
ρ(V ) = n
√
f(ρ(A)) with Q = V n = f(A) ∈ F(A), where f is a continuous
function from B(F, 0, 1) into F (see Lemmas 6 and 7). Thus it remains to
treat the variant when V n /∈ F(A) for each natural number n.
For this it is sufficient to choose a multiplicative extension of ρ on F(πYDA)⊖
F(A) putting ρ(V n) = [ρ(V )]n 6= 0 for each natural number n and for some
non zero element V ∈ F(πYDA)⊖ F(A). Indeed, without loss of generality
using multiplication on scalars A 7→ bA for b ∈ F \ {0} it is possible to
restrict on the case max(‖A‖, ‖V ‖) < 1 and choose 0 < |ρ(A)| ≤ ‖A‖ and
0 < |ρ(V )| ≤ ‖V ‖. The Banach subspace F(A, πYDA) is closed in Ψ, conse-
quently, by the non-archimedean Hahn-Banach theorem over the spherically
complete field F a functional ρ has a continuous extension on Ψ (see [12] and
§8.203 in [10]).
The family of such functionals ρ separates different elements of Ψ and
Q ∈ Ψ ⊖ F(A, πYDA), hence ρ(DA) = 0 for each such ρ if and only if
DA = 0.
Applying Lemmas 6-9 we get the statement of this theorem.
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11. Definition. If Ψ is a T -algebra on a Banach space X over a field F,
its strong topology is characterized by a base of neighborhoods Vx1,...,xn;ǫ :=
{A ∈ Ψ : ‖Axj‖ < ǫ ∀j = 1, ..., n} of zero, where x1, ...xn ∈ X , ǫ > 0,
n ∈ N. If a field F is spherically complete and X∗ is a topological dual
space of X , a weak topology on Ψ is given by a base of neighborhoods
Wx1,...,xn;y1,...,yn;ǫ := {A ∈ Ψ : |yjAxj | < ǫ ∀j = 1, ..., n} of zero, where
x1, ...xn ∈ X , y1, ..., yn ∈ X∗, ǫ > 0, n ∈ N. Denote by Ψ¯ the completion
of Ψ relative to the weak topology.
12. Lemma. Suppose that D is a derivation of a T -algebra Ψ on a
Banach space X over a spherically complete field F. Then a unique weakly
continuous extension D¯ of D on Ψ¯ exists.
Proof. The mappings A 7→ At+A
2
=: A1 and A 7→ At−A2 =: A2 are
continuous on a T -algebra Ψ. An extension K from Lemma 7 of a spherically
complete field F can be considered as an F-linear space. By Lemma 8 D has
a continuous extension on ΨK as a derivation operator. As in Lemma 10 it
is sufficient to consider a symmetric operator A.
Put S := {A ∈ Ψ : ‖A‖ ≤ 1, At = A} to be the unit ball of sym-
metric operators. Then the mapping S ∋ A 7→ y(D(A2)x) = y(ADAx +
(DA)Ax) is strongly continuous at zero, since |y(ADAx + (DA)Ax)| ≤
‖D‖max(‖Ax‖‖y‖; ‖x‖‖Ay‖), where x, y ∈ X and X is embedded into X∗.
On the other side, the mapping S ∋ A 7→ A1/2 is strongly continuous at
zero, since ‖A1/2x‖ ≤ ‖Ax‖‖x‖ due to Formula 7(1), where x ∈ X . Thus
A 7→ y(DA1x) − y(DA2x) = y(DAx) is strongly continuous at zero on S.
This implies that H := S ∩ q−1(B(F, 0, r)) is strongly closed in S, where
q(A) := y(DAx) for some marked vectors x, y ∈ X , 0 < r <∞.
Recall that a subset U of a topological F-linear space Q is called abso-
lutely F-convex if B(F, 0, 1)U +B(F, 0, 1)U ⊂ U .
The norm on F is non-archimedean, i.e. |a + b| ≤ max(|a|, |b|) for each
a, b ∈ F. It can be lightly seen, that the set H is absolutely F-convex and
strongly closed, consequently, H is weakly closed in S. Indeed, if a net
Tn ∈ H strongly converges to T ∈ H , then Tn − T ∈ H for each n and
hence the net (Tn − T ) strongly converges to zero. Therefore, y((Tn − T )x)
converges to zero for each x ∈ X and y ∈ X∗.
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By the non-archimedean Hahn-Banach theorem 8.203 [10] the set H is
closed relative to a weak topology with functionals from X , since the set
of continuous F-linear functionals y ∈ X separates points in X , i.e. from
limn y((Tn − T )x) = 0 for each y ∈ X it follows limn y((Tn − T )x) = 0 for
every y ∈ X∗, where T, Tn ∈ H .
Therefore, the derivation D is weakly continuous on B(Φ, 0, 1), since the
mapping B(Φ, 0, 1) ∋ A 7→ y(DAx) is continuous for each marked x, y ∈ X
and the derivation operator D is F-linear. This means that D is uniformly
continuous relative to the weak uniformity on B(Φ, 0, 1) and implies that D
has a continuous extension on B(Φ, 0, 1) and hence on Φ¯ with range in Φ¯ by
Theorem 8.3.10 [2], since B(Φ, 0, 1) is the closed absorbing set in Φ¯.
This extension is F-linear as well, since
limnD(bTn+Hn) = b limnDTn+limnDHn for each b ∈ F and Tn, Hn ∈ Φ
with limn Tn = T ∈ Φ¯ and limnHn = H ∈ Φ¯. Moreover, y(D(TnHn)x) =
y((DTn)Hnx) + y(Tn(DHn)x) for each x ∈ X and y ∈ X∗, consequently,
limn limk y((DTn)Hkx) + y(Tn(DHk)x) − y(D(TnHk)x) = y((DT )Hx) +
y(T (DH)x) − y(D(TH)x) = 0, since D is the bounded operator on Φ and
weakly continuous on Φ¯, hence D is the derivation on Φ¯ as well.
13. Definitions. A T -algebra of bounded operators on a Banach space
X over a spherically complete field F closed relative to the weak operator
topology and containing the unit operator will be called a W t-algebra. For
an operator A ∈ L(X) and a W t-algebra Ψ let coΨ(A) denote the closure
relative to the weak operator topology of finite combinations b1B1+...+bnBN
of operators Bj = VjAV
t
j , where Vj is an isometry operator on X for every
j, i.e. ‖Vjx‖ = ‖x‖ for each x ∈ X , b1, ..., bn ∈ B(F, 0, 1).
If Υ is a family of operators in L(X), then Υ′ := {C : C ∈ L(X); [C, T ] =
0 ∀T ∈ Υ} denotes the commutant of Υ, where [C, T ] = CT − TC is the
commutator of two operators.
A center Z(Ψ) of an algebra Ψ is a set of all its elements commuting with
each element in Ψ. An element A ∈ Z(Ψ) in the center is called central.
14. Lemma. Let A be a linear continuous operator A : X → X on
a Banach space over a spherically complete field F and let G be a locally
compact field contained in F. Suppose that f ∈ C∞(F,F) is a continuous
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function tending to zero at infinity the restriction of which f |G belongs to
C∞(G,G). Then a linear continuous bounded operator f(A) ∈ L(X) exists.
Proof. The field Qp of p-adic numbers is locally compact. Let G be a
locally compact field so that Qp ⊂ G ⊂ F, i.e. either a locally compact field
G containing Qp or the p-adic field itself. Then each F-linear operator is
also G linear.
Let XG denote the Banach space over G obtained from the Banach space
X over F considering F as the Banach space over G, i.e. by the restriction
of the field of scalars. Take P a projection P ∈ PG on a finite-dimensional
over G subspace in XG with PG denoting the family of all projections having
finite dimensional ranges partially ordered by inclusion of their ranges in XG.
Then each operator PAP can be reduced to the diagonal form
(1) PAP = CTE
over G by a lower and upper triangular operators C and E respectively
invertible on PX with diagonal operator T such that (C − I) and (E − I)
are nilpotent operators on PXG (see Lemma 1 of Appendix A in [9]).
In accordance with E. Zermelo’s theorem on each set Λ a relation exists,
which well orders Λ (see [2]). Suppose that Pβ is a family of projections
on a Banach space over a spherically complete field F, where β ∈ Λ and a
set Λ is well ordered and Pα ≤ Pβ for each α ≤ β. Denote by ∧α∈ΛPα an
projection from X onto the subspace
⋂
α∈Λ PαX , while defining ∨α∈ΛPα :=
I − ∧α∈Λ(I − Pα), where I is the unit operator on X , Ix = x for each
x ∈ X . Then the family Qα := Pα−∨β<αPβ consists of mutually orthogonal
projections on X such that its sum is ∨β∈ΛQβ = ∨β∈ΛPβ =: P .
Indeed, Qβ ⊥ Pα are orthogonal for each α < β and Qβ ⊥ Qα, since
Qα ⊆ Pα, i.e. QαX ⊆ PαX . Therefore, ∨α∈ΛQα ⊆ P . If α1 is the least
element of Λ, then Pα1 = Qα1 . Suppose that
Pβ = ∨α≤β, α∈ΛQα
for each β < γ ∈ Λ. From the definition of Qγ it follows, that
Qγ = Pγ − ∨α<γ, α∈ΛQα, consequently,
Pγ = I − ∧α≤γ;α∈Λ(I −Qα) = ∨α≤γ, α∈ΛQα.
Thus by transfinite induction the latter equality is fulfilled for each γ ∈ Λ,
hence P ⊆ ∨α∈ΛQα, together with the opposite inclusion this implies P =
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∨α∈ΛQα.
The field F is spherically complete and considered as a Banach space over
G is isomorphic with c0(β,G) for some set β by Theorems 5.13 and 5.16 [12].
Therefore, limPG PAPx = Ax for each x ∈ X . To an operator Y ∈ L(X) an
operator YG ∈ L(XG) corresponds such that to each matrix element e∗jY ek
over F an operator block on c0(β,G) is posed.
Then C− I and E− I are nilpotent operators such that (C− I)l = 0 and
(E − I)l = 0 for each l ≥ m, where m is an order of a square m×m matrix
with entries in G, i.e. m = dimGPXG is a dimension of PXG over the field
G, operators C and E are as in Formula 14(1). Therefore,
(2) Ck =
∑
0≤h≤min(m,k)
(
k
h
)
(C − I)h,
where (C − I)0 = I is the unit operator, as usually
(
k
h
)
= k!/(h!(k − h)!)
denotes the binomial coefficient. Since
(
k
h
)
are integers, it follows that
|
(
k
h
)
|G ≤ 1 and hence ‖S(C)‖ ≤ sup0≤h≤min(m,n) |sh|‖C − I‖h < ∞ for each
polynomial
(3) S(x) =
n∑
k=0
skx
k
on G with coefficients sk ∈ G, sn 6= 0, of degree n = deg S. Moreover,
S(T ) = diag(S(t1), ..., S(tm)) for the diagonal operator T = diag(t1, ..., tn) in
the corresponding non-archimedean orthonormal basis in the subspace PXG
over the fieldG, where t1, ..., tm ∈ G. On the other hand, applying Theorems
5.4, 5.11 and 5.16 [1] we get:
(4) ‖S(PAP )‖ ≤ sup
t∈G,|t|≤‖PAP‖
|S(t)|,
since ‖PAP‖ = sup1≤v,l≤m |q∗vPAPql|, ‖P‖ = 1 for each non-degenerate
projection operator, where qj is a non-archimedean orthonormal basis in
PXG, q
∗
j ∈ PXG′ denotes a G linear functional corresponding to qj.
In view of Kaplansky’s theorem a family of polynomials is dense in C(B(G, 0, r),G)
for each 0 < r < ∞ for the locally compact field, since the ball B(G, 0, r)
is compact. For every f ∈ C∞(G,G) and each r = pj ∈ ΓG := {|x| : x ∈
G \ {0}} a sequence {Snj(k) : k} of polynomials exists uniformly converging
to f on B(G, 0, pj), where nj(k) < nj(k + 1) for each k ∈ N, n = deg Sn.
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By induction construct them such that {nj+1(k) : k ∈ N} ⊂ {nj(k) : k ∈
N} for each natural number j ∈ N. Choosing the diagonal subsequence
{nj(j) : j ∈ N} one gets a sequence of polynomials Snj(j) point wise con-
verging to f on G and uniformly converging to f on each bounded ball
B(G, 0, r), since lim|t|→∞ f(t) = 0. Since ‖A‖ <∞, the function
(5) f(A)x = lim
j→∞
lim
P∈PG
Snj(j)(C)Snj(j)(T )Snj(j)(E)x
exists for each x ∈ X , where C, T and E correspond to PAP , P ∈ PG.
Evidently it is linear by x ∈ X , since limP∈PG Snj(j)(C)Snj(j)(T )Snj(j)(E) is
a linear operator on X over F for each j. Since G ⊂ F, Formulas (1 − 5)
imply that
(6) ‖f(A)‖ ≤ sup
t∈F, |t|≤‖A‖
|f(t)| <∞.
15. Theorem. Suppose that Φ is an algebra with transposition of
bounded linear operators on a Banach space X over a spherically complete
field F, then each A ∈ B(Ψ¯, 0, 1) belongs to the strong operator closure
B(Ψ, 0, 1) of the unit ball B(Ψ, 0, 1) of Ψ. If Q is a symmetric operator
in B(Ψ¯, 0, 1), then Q is in the strong-operator closure of the set of symmetric
operators in B(Ψ, 0, 1).
Proof. As in section 12 for an absolutely convex subset E of L(X) the
weak- and strong-operator closures coincide, since X is a Banach space over
a spherically complete field F. Indeed, for each proper norm closed linear
subspace Y of X and a point x ∈ X \ Y a continuous linear functional
f : X → F exists such that f(x) = 1 and f(Y ) = 0 due to the Hahn-Banach
theorem over F (see §8.203(f) [10]). For each point x outside the norm
closure clnU of a subset U in X there exists a closed ball B(X, x, r) := {z ∈
X : ‖z−x‖ ≤ r} containing x of radius 0 < r <∞ such that the intersection
(clnU) ∩B(X, x, r) = ∅ is void with r ∈ ΓF, where ΓF := {|b| : b ∈ F \ {0}}
is a multiplicative group contained in R. The multiplicative norm on F is
non-trivial, consequently, zero is the limit point of ΓF in R. Therefore, a
radius r > 0 can be chosen so that infy∈clnU ‖x− y‖ > r.
If V is an absolutely convex norm closed subset of X and x ∈ X \ V ,
there exists a hyperplane y + Y in X which does not contain x and does
not intersect V , where y = λx for some λ ∈ F, 0 < |λ| ≤ 1, X = Y ⊕ F.
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The topological dual space X ′ of all continuous linear functionals f : X → F
separates points in X , consequently, there exists a family {fβ} ⊂ X ′ of
continuous linear functionals and closed subsets Kβ in the field F such that
V =
⋂
β f
−1
β (Kβ).
Evidently, if A is in the strong operator closure of E, then it is in the
weak operator closure of E. Let now A be in the weak-operator closure of E.
Consider vectors x1, ..., xn ∈ X and the n-fold direct sum X⊕n = X⊕ ...⊕X .
An operator G onX induces and operator G˜ = G⊕...⊕G onX⊕n. Therefore,
{G˜ : G ∈ E} =: E˜ is an absolutely convex subset of X⊕n, hence E˜x˜ is an
absolutely convex subset of X⊕n, where x˜ = (x1, ..., xn). If A˜ is in the weak-
operator closure of E˜, A˜x˜ is in the weak closure of E˜x˜, hence in the norm
closure of E˜x˜ in X⊕n due to the fact demonstrated above.
That is for each ǫ > 0 there exist T ∈ E such that ‖Txj − Axj‖ < ǫ for
each j = 1, ..., n. Thus the weak-operator closure and the strong-operator
closure of E coincide.
In view of Lemma 14, an operator f(A) is defined for each symmet-
ric bounded operator A ∈ L(X) and hence f(A) for each A in Ψ¯, since
lim|t|→∞ f(t) = 0. Moreover, for each bounded symmetric operator A a sym-
metric operator AG on XG corresponds, since x
t = x for each x ∈ F.
Let Q be a symmetric operator in Ψ¯, let also Kb be a net of operators in
Ψ weak-operator converging to Q. Then (Kb +K
t
b)/2 is a net of symmetric
operators in Ψ converging to Q relative to the weak-operator topology. But
the set of symmetric operators in Ψ is absolutely convex and from the fact
demonstrated above Q is in its strong-operator closure.
Consider a symmetric operator Q ∈ B(Ψ¯, 0, 1) and a net of symmetric
operatorsMb ∈ Ψ strong-operator converging to Q. Let p be a prime number
so that F is an extension of the p-adic field Qp, hence up to an equivalence
of multiplicative norms on F we have |p| := |p|F = 1/p (see [14, 15]). Take
a continuous function f : F → F so that f(t) = t on B(F, 0, 1), while
f(t) = p2k−1t on B(F, 0, pk) \ B(F, 0, pk−1) for each natural number k ∈
N := {1, 2, 3, ...}, since the ball B(F, 0, r) is clopen (simultaneously closed
and open) in F, where r > 0. The function f has the natural extension on
the field K containing F so that n
√
x ∈ K for each x ∈ F, putting f(t) = t
14
on B(K, 0, 1), while f(t) = p2k−1t on B(K, 0, pk) \ B(K, 0, pk−1) for every
k ∈ N. Since sp(Q) ⊂ B(K, 0, 1) (see [12, 1]), it follows that f(Q) =
Q. Moreover, the function f is strong-operator continuous on the set of
symmetric operators in Ψ¯. The inequality |f(t)| ≤ 1 for each t implies
that ‖f(Mb)‖ ≤ 1 for each b. If x, y ∈ K and |x − y| < |x|, then |y| =
|x| due to the non-archimedean inequality |x + y| ≤ max(|x|, |y|) for each
x, y ∈ K. Therefore, f(Mb) is strong-operator converging to f(Q), since
limb Snj(j)(Mb) = Snj(j)(Q) for each j and P ∈ PG. Thus Q is in the strong-
operator closure of the set of symmetric operators from B(clnΨ, 0, 1) and
hence the strong operator limit of symmetric elements in B(Ψ, 0, 1).
Generally if A ∈ B(Ψ¯, 0, 1), then form an operator A′ :=
(
0 A
At 0
)
on X⊕X
which is symmetric. Then A′ ∈ B(Ψ¯2, 0, 1), where Ψ2 denotes the family of
all operators on X ⊕X presented as 2× 2 matrices with entries in Ψ. From
the proof above it follows that A′ is in the strong-operator closure of Ψ2.
Particularly each entry of A′ is in the strong-operator closure of B(Ψ, 0, 1),
since each entry in B(Ψ2, 0, 1) is in B(Ψ, 0, 1).
16. Definition. A derivation D of a subalgebra Υ in L(X) is called
spatial, if an operator B ∈ L(X) exists such that D = ad B|Υ.
17. Theorem. Let Ψ be a T -algebra on a Banach space over a spherically
complete field F, let also D be a derivation of Ψ. Then for each commutative
W t-subalgebra Φ in a commutant Ψ′ a bounded F-linear operator B = BΦ ∈
L(X) exists such that B commutes with Φ and D = ad B|Ψ.
Proof. Evidently Υ′ from Definition 13 is weakly closed in L(X), par-
ticularly, Ψ′ is weakly closed. Let Ξ be a maximal commutative subalgebra
of Ψ′, hence it is weakly closed in the commutant Ψ′. Consider a lattice P
of projection operators in Ξ which corresponds to Ψ (see Theorems 5.4, 5.11
and 5.16 in [1]).
The central carrier of an operator A ∈ Ψ is defined to be (I − P ), where
P =
⋃
β Pβ and Pβ is from the set of all central projections in Ψ such that
PβA = 0, i.e. every Pβ is in the center Z(Ψ) of Ψ. Denote by CA the central
carrier of A, then CAA = A, since A is continuous and Ax is orthogonal to
the range of Pβ for each β, but Range(Pβ) ⊂ Range(P ).
Suppose that Bj,k ∈ Ψ and Qj,k ∈ Ψ′ are operators, then
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(i)
∑
k Bj,kQk,l = 0 if and only if central operatorsAj,k ∈ Ψ exist satisfying
the properties:
(ii)
∑
k Bj,kAk,l = 0 and
∑
k Aj,kQk,l = Qj,l for each j, l = 1, ..., n. Partic-
ularly, BQ = 0 for B ∈ Ψ and Q ∈ Ψ′ if and only if CBCQ = 0.
Indeed, from the properties
∑
k
Bj,kAk,l = 0 and
∑
k
Aj,kQk,l = Qj,l
of central operators Aj,k ∈ Ψ it follows that
∑
k
Bj,kQk,j =
∑
k
Bj,k
∑
t
Ak,tBt,j =
∑
t
∑
k
Bj,kAk,tBt,j = 0.
On the other side, if
∑
k Bj,kQk,l = 0, then one can consider the ring
Matn(Ψ
′) of all n×n matrices with entries in Ψ′ and the union of all projec-
tions Tn = (Aj,k) in Matn(Ψ
′) which are annihilated under the left multipli-
cation BTn = 0 by B, where Aj,k ∈ Ψ′ for each j, k. Consider a diagonal ma-
trix En with entries being projections in Ψ
′. Then BEnTn = 0, consequently,
TnEnTn = EnTn and hence TnEn = (TnEnTn)
t = EnTn. Thus Aj,k ∈ Z(Ψ′).
Then the equality BQ = 0 implies TnQ = Q, that is,
∑
k Aj,kQk,l = Qj,l for
each j, l = 1, ..., n. Particularly, if CBCQ = 0, then BQ = BCBCQQ = 0.
When BQ = 0, a central projection P in Ψ exists such that PB = 0 and
PQ = Q, consequently, PCB = 0 and Range(CB) ⊂ Range(P ), hence
CBCQ = 0.
Recall that vectors y1, ..., yn, ... are called mutually orthogonal in the non-
archimedean sense, if ‖t1y1+ ...+ tkyk‖ = maxkj=1 ‖tjyj‖ for each t1, ..., tk ∈ F
and k ∈ N. Two subspaces U and W in a normed space Y are called
orthogonal and denoted U ⊥ W if each vector x ∈ U is orthogonal to every
vector y ∈ W , x ⊥ y.
A closed F-linear subspace U in a normed space Y is complemented, if a
closed F-linear subspace V in Y exists so that U ∩ V = {0} and U + V = Y .
It is orthocomplemented if it is complemented and in addition orthogonal
U ⊥ V to its complement V .
We say, that E1, ..., Ej are (mutually) complemented, if ElEk = 0 for each
1 ≤ l 6= k ≤ j.
A projection operator E : Y → Y is called an orthoprojection if E(Y ) ⊥
E−1(0).
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By Theorem 3.9 [12] a closed linear subspace U of a Banach space Y is
complemented if and only if a projection P : Y → U exists. Theorem 3.10
[12] asserts, that a closed linear subspace U of a Banach space Y over a
non-archimedean field is orthocomplemented if and only if an orthoprojec-
tion E of Y on U exists. In view of Theorems 5.13 and 5.16 [12] each closed
linear subspace of a Banach space over a spherically complete field is ortho-
complemented. On the other hand, each closed linear subspace of a Banach
space over a spherically complete field has an orthogonal basis which can
be extended to an orthogonal basis of the entire Banach space. Therefore,
without loss of generality we consider the family P of all orthoprojections
E : X → X ( for short of projections).
Then we define a new operator D1 by the formula:
(iii) D1(A1E1 + ...+ AnEn) = D¯(A1)E1 + ... + D¯(An)En,
where E1, ..., En ∈ P, A1, ..., An ∈ Ψ¯, n ∈ N, D¯ is an extension of D
from Ψ onto Ψ¯ in accordance with Lemma 12. If A1E1 + .. + AnEn = 0,
then from the proof above it follows that central operators Cj,k ∈ Z(Ψ¯) exist
so that
∑n
k=1Cj,kEk = Ej and
∑n
j=1AjCj,k = 0. In view of Theorem 10∑n
j=1 D¯(Aj)Cj,k = 0, consequently,
∑
j D¯(Aj)Ej = 0 by (i, ii). This means
that D1 is single-valued. Denote by Φ an algebra over F of all elements of
the form A1E1+ ...+AnEn with Aj and Ej as above. It is indeed an algebra,
since AjEjAkEk = AjAkEjEk for each j, k.
The definition of D1 implies that this operator is F-linear and bounded
on Φ due to Formula (iii). Next we verify, that D1 is a derivation of Φ.
If projections E1, ..., Ej are complemented, take Fj+1 = Ej+1−Ej+1(E1+
...+Ej) and so on by induction. From El(X) ⊥ E−1l (0) for each l = 1, ..., j+1
and Fj+1 = (I −E1 − ...−Ej)Ej+1 it follows, that (I −E1 − ...−Ej)(X) ⊥
(I −E1− ...−Ej)−1(0) and (I −E1− ...−Ej)(Ej+1X) ⊥ E−1j+1(I −E1− ...−
Ej)
−1(0), consequently, Fj+1 is also the projection. Then AlEl+Aj+1Ej+1 =
Al(El − Ej+1El) + (Al + Aj+1)Ej+1El + Aj+1(Ej+1 − Ej+1Ej) for each l ≤
j by induction, consequently, this induces the decomposition A1E1 + ... +
AnEn = B1F1+ ...+BnFn with complemented projections F1, ..., Fn ∈ P and
B1, ..., Bn ∈ Ψ¯.
When E1, ..., En are complemented projections and x =
∑n
j=1Ejx is a
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vector in X of unit norm ‖x‖ = 1, then
‖(A1E1 + ... + AnEn)x‖ = nmax
j=1
‖AjEjx‖,
since AjEjx = EjAjx are mutually orthogonal in the non-archimedean sense
vectors. Moreover,
‖AjEjx‖ ≤ ‖AjEj‖‖Ejx‖ ≤ maxnl=1 ‖AlEl‖,
since maxj ‖Ejxj‖ = ‖x‖ = 1, hence
‖A1E1 + ...+ AnEn‖ ≤ maxnj=1 ‖AjEj‖. At the same time
maxj ‖AjEj‖ ≤ ‖A1E1 + ... + AnEn‖
due to the non-archimedean orthogonality of Ej. This implies
‖D1(A1E1 + ... + AnEn)‖ = maxnj=1 ‖(D¯Aj)Ej‖. Considering orthogonal
central projections, one gets as a central carrier Qj of Ej in Ψ
′ as a projection.
Two T -algebras Ψ and Θ are called T -isomorphic, if anF-linear multiplicative
bijective surjective mapping θ : Ψ → Θ exists continuous together with its
inverse mapping,
θ(αB) = αθ(B), θ(AB) = θ(A)θ(B) and θ(At) = [θ(A)]t for each α ∈ F,
A,B ∈ Ψ. Since θ and θ−1 are continuous and multiplicative, then ‖θ(A)‖ =
‖A‖ is an isometry, since
‖θ(αAn)‖ = |α|n‖[θ(A)]n‖ ≤ |α|n‖θ(A)‖n
for each A ∈ Ψ and α ∈ F. The T algebras Ψ¯Ej and Ψ¯Qj are T -isomorphic,
since Ej , I − Ej , Qj , I − Qj and Etj, (I − Ej)t = I − Etj, Qj , I − Qtj ∈
Ψ, where Ψ is topologically complete. Then ‖(D¯Aj)Ej‖ = ‖(D¯Aj)Qj‖ =
‖D¯(AjQj)‖ ≤ ‖D¯‖‖AjQj‖ = ‖D¯‖‖AjEj‖. From Theorem 10 it is known
that D¯ annihilates the center Z(Ψ¯) of Ψ¯. Therefore,
‖D1(A1E1+ ...+AnEn)‖ ≤ ‖D¯‖maxj ‖AjEj‖ = ‖D¯‖‖A1E1+ ...+AnEn‖,
consequently, D1 is bounded. Thus D1 has a bounded extension being a
derivation D1 : Υ → Υ¯. In view of Lemma 12 it has a continuous extension
D¯1 defined on Υ¯.
On the other hand, Υ¯ is a T -algebra containing Ψ¯ and Ξ, since it contains
P, the projection lattice of Ξ, hence Υ′ ⊂ Ψ′ and Υ′ commutes with Ξ. But
Ξ is a maximal commutative subalgebra in Ψ′, we get Υ′ = Ξ.
Recall that a vector x ∈ X is topologically cyclic relative to the action
of Ψ for a closed linear subspace Y over F if Ψ¯x = {Ax : A ∈ Ψ¯} is
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everywhere dense in Y . A subspace Y is called invariant relative to Ψ¯, if
AY ⊂ Y for each A ∈ Ψ¯. A closed linear subspace Y in X over F is called
topologically irreducible relative to Ψ¯, if Y is invariant relative to Ψ¯ and each
non zero vector x ∈ Y \ {0} is topologically cyclic relative to Ψ¯. If Y is a
topologically irreducible subspace, it has and orthocomplement X ⊖ Y . So
X ⊖ Y has another topologically invariant subspaces and the process can be
done by transfinite induction (see [2]). Therefore, the sum of all topologically
irreducible subspaces in X relative to Ψ¯ is everywhere dense in X .
For any topologically irreducible subspace Y relative to Ψ¯ consider the
restriction Ψ¯|Y = {A|Y : A ∈ Ψ¯}. Since D¯1A ∈ Ψ¯ for each A ∈ Ψ¯, the
subspace Y is invariant relative to D¯1Ψ¯ also. The algebra Ψ and the Banach
space X are over the spherically complete field F. Take an (ortho)projection
P from X onto a finite dimensional over F subspace PX of a topologically
irreducible subspace Y . This induces the finite dimensional over F subalgebra
PΨP = {PAP : A ∈ Ψ}. Then the differentiations PDP : PΨP → PΨP
and PD1P : PΨP → PΨP act on it.
Let JP be the center of PΨP . Then the differentiation operator PDP
annihilates JP due to Theorem 10 and hence PD1P annihilates JP ∩Υ, con-
sequently, PDP and PD1P are defined on the quotient algebras (PΨP )/JP
and (PΥP )/JP correspondingly. Introduce on (PΨP )/JP the Lie algebra ΨP
structure by [A,B] = AB − BA for each A,B ∈ (PΨP )/JP . Traditionally
ad B denotes ad B(A) = [B,A] for each A ∈ L(X). The latter Lie algebra
ΨP is non degenerate, i.e. has a non degenerate Killing form tr(adA adB),
where (adA)(E) = [A,E] for each A,E ∈ ΨP . Then PDP is the differenti-
ation of the Lie algebra ΨP so that PDP [A,B] = [PDPA,B] + [A, PDPB]
and analogously PD1P is the differentiation of ΥP . In view of Theorem 1.5.8
[3] the Lie algebra ΨP is complete, i.e. its center is zero and each its differ-
entiation is internal, der(ΨP ) = ad(ΨP ), also ΥP is complete. Thus PDP
and PD1P are internal derivations of PΨP and PΥP respectively.
Particularly, if F is a locally compact field take Gα = F. Generally
we consider a family {Gα : α ∈ µ} of locally compact subfields such that⋃
α∈µGα = F. Since F is spherically complete and Gα is locally compact,
thenGα is spherically complete. This family of subfields is naturally directed
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by inclusion which induces a direction on µ such that α ≤ β if and only if
Gα ⊂ Gβ. Consider Ψ over Gα and denote it by Ψα. In view of Alaoglu-
Bourbaki’s theorem (see §9.202 [10]) each bounded closed ball B((Ψα)′, z, r)
of radius 0 < r <∞ and containing z in (Ψα)′ is weak-operator closed, since
Gα is a locally compact field.
From the proof above it follows that der(Ψα,P ) = ad(Ψα,P ) for each α ∈ µ
and P as above on Xα, where Xα is the Banach space X considered over Gα.
The set Pα of projections P on Xα is also directed by P ≤ Q if and only if
P (Xα) ⊂ Q(Xα). There are natural connecting continuous Gα-linear map-
pings πβα : Xβ → Xα for each α ≤ β ∈ µ. Put Bα to be the projective limit
Bα =
lim
←Pα
Bα,P which exists in (Ψα)
′. Then we put B = lim
←µ
Bα. These pro-
jective limits exist relative to the weak-operator topology due to Proposition
2.5.6 and Corollary 2.5.7 [2]. This operator B is F linear, since it isGα linear
on Xα for each α and
⋃
α∈µGα = F.
Considering all possible topologically invariant subspaces and all (or-
tho)projections P with finite dimensional over F ranges one gets due to
Theorem 15, that D¯1 is the internal derivation of Υ¯, since the family of all
finite dimensional over F subalgebras PΥP is everywhere dense in Υ¯ relative
to the weak-operator topology. Then D = adB on Ψ for some B ∈ Ξ′, since
BT − TB = D¯1(T ) = D(I)T = 0 for each T ∈ P.
18. Definition. A derivation D of an algebra Ψ is called inner, if
D = adB|Ψ for some element B ∈ Ψ of this algebra.
19. Lemma. Each derivation adB of a T algebra Ψ induces a derivation
of Ψ′. A derivation adB of Ψ¯ is inner if and only if it induces an inner
derivation of Ψ′.
Proof. For every A ∈ Ψ and T ∈ Ψ′ one gets (BT − TB)A − A(BT −
TB) = BTA−TBA−ABT +ATB = (BA−AB)T−T (BA−AB) = 0, since
[B,A] ∈ Ψ. In the case when adB induces an inner derivation of Ψ¯ so that
adB = adE on Ψ¯ with E ∈ Ψ¯ this implies that (B − E) commutes with Ψ¯.
Therefore, (B−E) ∈ Ψ′. The inclusion E ∈ Ψ¯ implies that ad(B−E) = adB
on Ψ′. That is adB induces an inner derivation of Ψ′.
20. Definitions. Suppose that X is a Banach space over a field F
and P is a projection on X , P : X → X , and Ψ is a W t subalgebra
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in L(X), P ∈ Ψ. A projection P is called cyclic in Ψ (or under Ψ′), if
PX = clX spanFΨ
′x for some vector x ∈ X , where spanFU := {y ∈ X : y =
b1x1 + ... + bnxn; b1, ..., bn ∈ F, x1, ..., xn ∈ X}, clXU denotes the closure
of a subset U in X relative to the norm topology. Such vector x is called a
generating vector under Ψ′.
An orthoprojection P in Ψ over a spherically complete field F is called
countably decomposable relative to Ψ, if every orthogonal family of non zero
suborthoprojections of P in Ψ is countable. When the unit operator I is
countably decomposable relative to Ψ, one says that the W t algebra Ψ is
countably decomposable.
21. Lemma. Let P be a central (ortho)projection in a W t algebra Ψ
over a spherically complete field F. This projection P is the central carrier
of a cyclic projection in Ψ if and only if P is countably decomposable relative
to the center Z(Ψ) of Ψ. Moreover, a cyclic projection in Ψ is countably
decomposable; two projections P and Q with the same generating vector in
Ψ and Ψ′ have the same central carrier.
Proof. Consider a central projection T in Ψ with generating vector
x ∈ X and P = CT . Consider the case when there are orthogonal families Pα
and Tβ of (ortho)projections in Z(Ψ) and Ψ respectively contained in P and T
correspondingly. The field F is spherically complete and the Banach space X
is isomorphic with c0(ω,F) for some set ω. Each closed linear subspace in X
has an orthonormal basis which can be completed to an orthonormal basis in
X . If y ∈ X , then there are convergent series y = ∑α Pαy and y = ∑β Tβy,
where Pαy ⊥ Pβy and Tαy ⊥ Tβy are orthogonal in the non-archimedean
sense for each α 6= β. The convergence of these series is equivalent to that
for each ǫ > 0 sets {α : ‖Pαy‖ > ǫ} and {β : ‖Tβy‖ > ǫ} are finite. Thus
these series may have only countable sets of non zero additives.
When Tβy = 0 the equalities {0} = clX spanFΨ′Tβy = clXspanFTβΨ′y
and TβTy = Tβy are valid, if Pαy = 0 analogously Pαy = 0. That is PαPy =
Pαy = 0 due to the equivalence of conditions (i) and (ii) in Section 17.
Thus the families {Pα} and {Tβ} have at most countable subsets of non zero
elements, consequently, P and T are countably decomposable.
On the other hand, if P is countably decomposable and {Pn} is a count-
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able set of projections cyclic under (Z(Ψ))′ with generating vectors xn of
unit norm and with sum ∨nPn = P . The field F is of zero characteris-
tic and contains the p-adic field Qp for some prime number p. Take the
vector x =
∑
n p
nxn, where n ∈ N. This sum or series converges, since
‖pnxn‖ = ‖xn‖p−n up to an equivalence of norms on F. Therefore the equal-
ity is valid clX spanF(Z(Ψ))
′x = PX , since clX spanF(Z(Ψ))
′x contains
clX spanF(Z(Ψ))
′Pnx = clX spanF(Z(Ψ))
′xn = PnX for each n. Putting
T to be an projection from X onto clX spanF(Ψ)
′x one gets T ⊆ P , since
Ψ′ ⊆ (Z(Ψ))′, that is PT = T . Suppose that Q ∈ Z(Ψ) and QT = T .
This implies that Qx = x and clX spanF(Z(Ψ))
′x = clX spanF(Z(Ψ))
′Qx =
clX spanFQ(Z(Ψ))
′x, consequently, P = QP . This means that P = CT
with T cyclic in Ψ. Therefore, the projection P is the central carrier of
clX spanFΨx.
22. Theorem. If Ψ is a W t algebra on a Banach space over a spherically
complete field F and D is a derivation of Ψ, then D is inner.
Proof. In view of Theorem 17 a derivation D has the form D = adB|Ψ
for some bounded linear operator B ∈ L(X). Then −(BAt−AtB)t = BtA−
ABt ∈ Ψ for each A ∈ Ψ, consequently, the mapping adBt : Ψ → Ψ is also
the differentiation of Ψ. Therefore, ad(B+Bt) and ad(B−Bt) are derivations
of Ψ. If each of these derivations ad(B + Bt) and ad(B − Bt) is inner, then
adB is inner as well. Mention that the operator ad(λI +B) is the derivation
together with adB for each λ ∈ F. In accordance with Theorem 10 BΦ′ is
the center of the W t algebra Ψ, where Φ = Z(Ψ).
If {Pβ : β ∈ Λ} is a family of projections on X so that its sum
I =
∑
β∈Λ Pβ is the unit operator and adB|ΨPβ = adEβ|ΨPβ for every β and
supβ∈Λ ‖Eβ‖ <∞, where Λ is a suitable set, Eβ ∈ ΨPβ, then adB|Ψ = adE|Ψ
for E =
∑
β∈ΛEβ.
Take Qα a cyclic projection under (Z(Ψ))
′ for each α. It is sufficient to
prove this assertion for countably decomposable center Z(Ψ) due to Lemma
21. For this one takes a cyclic projection T in Ψ′ with central carrier I
considering the faithful representation ΨT of Ψ on T (X). The commutant is
TΨ′T and so it is sufficient to consider that Ψ′ is countably decomposable.
Let G be a locally compact field contained in F and consider the spheri-
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cally complete field F as the Banach space over G isomorphic with c0(ω,F)
for some set ω (see §21). Then the Banach space X over F has the struc-
ture of the Banach space XG over G as well. To each operator bounded
linear operator A ∈ L(X) a bounded operator AG ∈ L(XG) corresponds.
Due to Alaoglu-Bourbaki’s theorem (see §9.202 [10]) a closed bounded ball
B(XG, x, r) := {y ∈ XG : ‖y − z‖ ≤ r} in XG is weakly compact and a
bounded closed ball B(L(XG), A, r) := {C ∈ L(XG) : ‖C − A‖ ≤ r} in
L(XG) is compact relative to the weak operator topology, where 0 < r <∞.
Therefore, B(L(XG), A, r)∩ΨG is also compact relative to the weak operator
topology, where ΨG is the W
t algebra Ψ considered over the field G, i.e. by
narrowing the field from F to G so that ΨG ⊂ L(XG).
A system of algebras {ΨP : P ∈ P} and a family of locally compact
subfields {Gα : α ∈ µ} from §17 gives rise to the projective limit decompo-
sition of each operator A ∈ Ψ or E ∈ Ψ′ and for the differentiation operator
D as well, since Ψ = Ψ¯ by the conditions of this theorem. Finally, from
Proposition 2.5.6 and Corollary 2.5.7 [2] the assertion follows.
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